Abstract-We propose a tractable expression for the outage probability in single-cell uplink non-orthogonal multiple access (NOMA) systems serving an arbitrary number of users. The expression is obtained by approximating the interuser interference using a shifted-gamma distributed random variable. We then formulate and propose an efficient iterative algorithm for the outage-constrained min-max power allocation problem for the NOMA system. To give a rigorous comparison, we solve the outage-constrained min-max power allocation problem for the orthogonal multiple access (OMA) counterpart where both the user power allocation and the radio resource division pattern are optimized. Simulations confirm the accuracy of the derived outage probability expression for the NOMA system. Also, we demonstrate that fairness among users in terms of transmission power can be achieved by NOMA. Moreover, NOMA can bring significant power savings to the users as compared with OMA.
Outage Analysis and Power Allocation in Uplink
Non-Orthogonal Multiple Access Systems
I. INTRODUCTION

B
Y LEVERAGING the successive interference cancellation (SIC) capabilities at the receivers, non-orthogonal multiple access (NOMA) is regarded as a promising technique to improve spectral and power efficiency for the next generation of cellular networks [1] . Extensive efforts have been devoted to exploring the potential gains of applying NOMA, assuming that perfect channel state information (CSI) is available [2] - [5] .
In single-cell downlink systems with only statistical knowledge of CSI available at the transmitter, [6] shows that for a fixed target data rate, NOMA achieves higher diversity order compared to orthogonal multiple access (OMA) schemes in terms of the outage probability. Outage-constrained power allocation optimization was then studied in [7] . Outage analysis of single-cell uplink NOMA systems was studied in [8] - [11] , but the analyses are limited to the case of at most three users.
Our work considers a more generalized scenario where an arbitrary number of users are served by a single-cell NOMA system. The challenge of such an outage analysis is to model the randomness of the interference power from an arbitrary number of users. We resolve this difficulty by approximating the interference power as a shifted-gamma distributed random variable (RV) [12] , which leads to an accurate and tractable closed-form expression for the outage probability. Simulations confirm the accuracy of the derived outage expression. Based on the developed outage expression of the NOMA system, we formulate the outage-constrained min-max uplink power allocation problem to achieve fairness on the transmission power among the users. Such a fairness consideration is important for prolonging the lifetime of a battery-powered network [13] that is expected to be proliferated in the coming 5G era and has, to the best of our knowledge, not been studied. The power allocation problem is formulated as a signomial geometric program (SGP), and an efficient iterative algorithm that converges to an optimal solution is proposed.
For a rigorous comparison, we formulate the same power control problem for the OMA system, where the transmission power and the radio resource division pattern (either in time or frequency) are jointly optimized. We show that the bisection method can solve the OMA problem optimally. Simulation studies demonstrate that NOMA can significantly reduce the transmission power of the users while achieving the same level of fairness as OMA in terms of transmission power.
II. SYSTEM MODEL Consider a single-cell uplink system where a single-antenna base station (BS) serves K single-antenna users. Let K be the set of the user indices. The channel gain between user k and the BS is modeled as l k · |h k | 2 , where l k gives the path loss and h k denotes the small-scale fading channel coefficient. We assume that the users are quasi-static. Also, without loss of generality, assume l 1 ≥ l 2 ≥ · · · ≥ l K . We use Rayleigh fading to model the small-scale fading between the BS and the users, such that |h k | 2 is exponentially distributed with rate parameter one. Moreover, we assume that |h j | 2 and |h k | 2 are independent for all pairs of j and k, where j = k and j, k ∈ K .
In the NOMA system, each user occupies the single available resource block (RB) with a bandwidth of one Hz and time duration of one second. SIC is performed at the BS with decoding order 1, 2, . . . , K , such that the BS treats the signals from users k + 1, k + 2, . . . , K as interference when decoding the signal of user k. Denote ρ k as the transmission signal-tonoise ratio (SNR) of user k. With perfect SIC, the achievable rate of user k in the NOMA system is
For the OMA system, assume the single RB is divided (either in time or frequency) into K parts, where This work is licensed under a Creative Commons Attribution 3.0 License. For more information, see http://creativecommons.org/licenses/by/3.0/ t k ∈ [0, 1] is the size of the k-th part and user k occupies the kth part exclusively. Then, user k can achieve the following rate
We study the min-max power allocation problem for both NOMA and OMA systems under outage constraints, i.e.,
where k gives the tolerable outage probability of user k. The formulation in (3) aims to achieve user fairness in terms of transmission power.
III. NOMA OUTAGE ANALYSIS AND POWER ALLOCATION
We derive a tractable outage probability expression for the uplink NOMA system. Then, we propose an iterative algorithm to solve the power allocation problem in (3).
A. Outage Probability in Uplink NOMA Systems
In the SIC decoding process, R NOMA k gives the achievable rate of user k, given that the BS decodes the signals from users 1, 2, . . . , k − 1 successfully. Therefore, the outage probability of user k in the NOMA system can be defined as [6] , [8] , (4) where P{·} gives the probability of an event,
Define g k 2 · |h k | 2 such that g k follows the chi-squared distribution with two degrees of freedom. We have
gives the scaled interference experienced by user k. Note that y k is the weighted sum of chi-squared RVs and can be accurately approximated by a shifted-gamma RV as [12] 
where q k is a gamma distributed RV with shape parameter d k and scale parameter two, α k , β k , and d k are given as
and (7), y K −1 is a weighted chi-squared distributed RV with no shift. Moreover, simple manipulations show that
Then, from (6) and (9), we approximate P NOMA dec,k as
To calculate (13), first notice that g k andỹ k are independent. The probability density functions (PDFs) of g k andỹ k are
where (·) is the gamma function. Notice thatỹ k ≥ 2β k sincẽ y k is a gamma-distributed RV shifted by 2β k . Then,
Based on (13) and (15), P{D NOMA k } can be approximated as
Finally, based on (5) and (16), we obtain a closed-form expression for the outage probability of NOMA user k as
B. Min-Max Power Allocation for Uplink NOMA Systems
Based on (17), we rewrite (3) for the NOMA system as minimize ρ,z,α,β,d
z, subject to (10), (11) , (12) 
where z denotes the maximum transmission SNR among all users,
To solve the problem in (18), we transform it to an SGP whose optimal solution can be efficiently found by solving a series of geometric programs (GPs) [14] , where GPs can be transformed into convex problems and solved by off-the-shelf optimization toolboxes. The definition of an SGP can be found in [14] and is omitted here for simplicity.
We now present the two steps needed to transform (18) into an SGP. By some manipulations, (18b) can be rewritten as
where we introduce new variables {λ k |k ∈ K } that give rise to the following new constraints
The Taylor series of the exponential function suggests that
where U is a sufficiently large positive integer such that the approximation in (21) is accurate. Then, (20) is replaced by
In the second step of the SGP formulation, we transform the constraints in (10), (11) , and (12) into (23).
The transformation of (18) to an SGP is complete if we replace (10), (11), (12), and (18b) by (19), (22), and (23).
The successive convex approximation (SCA) algorithm proposed in [14] can be used to obtain a Karush-KuhnTucker (KKT) point of an SGP. To apply the SCA, first realize that the SGP formulation of (18) is equivalent to minimize ρ,z,α,β,λ,ν,d,s
when all the auxiliary variables s j,k are equal to ones, where w j,k is a positive weight that forces s j,k to take small values and s {s j,k | j = 1, 2, . . . , 6, k ∈ K }. Then, the arithmetic-geometric mean approximation (AGMA) is applied to s (24) is obtained [14] . As an iterative algorithm, the SCA starts by choosing an initial point to perform the AGMA, which formulates the first GP. The solution to the first GP is used to perform the AGMA in order to formulate the second GP, and such process is repeated until some stopping criterion is met. The SCA converges to a KKT point of an SGP when s j,k = 1 ∀ j, k, where the proof can be found in [14] . In the simulations, for practical reasons, we stop the SCA when {ρ k |k ∈ K } satisfies the outage targets and s j,k < 1.01, ∀ j, k.
IV. OMA MIN-MAX POWER ALLOCATION
We present two OMA schemes. The first OMA scheme jointly optimizes the power allocation and the RB partition for each user. The second OMA scheme optimizes the power allocation where each user occupies one part of the RB of the same size, i.e., t k = K −1 ∀k. The two OMA schemes represent two extremes in terms of the complexity of RB partitioning.
A. Joint Power and Radio Resource Optimization
, where k ∈ K . The outage probability of user k in the OMA system is
Then, we rewrite the problem in (3) for the OMA system as
Denote a * as the optimal value of a variable vector a with an arbitrary length. The next lemma shows the conditions that the optimal solution to (26) satisfies.
Lemma 1: The unique global optimal solution to (26) sat-
One can show that P OMA out,k is a decreasing function of ρ k and t k . For a fixed t k , ρ k is minimized when P OMA out,k = k ; further increasing ρ k is suboptimal since it may increase z.
Then, suppose {ρ , t , z } is a solution of (26), where ρ j = ρ k and assume without loss of generality that ρ j > ρ k . We can decrease ρ j by δ ρ j and increase t j such that P OMA out, j = j is maintained, where δ ρ j > 0. Similarly, we can increase ρ k by δ ρ k and decrease t k such that P OMA out,k = k , where δ ρ k > 0. We can adjust until ρ j − δ ρ j = ρ k + δ ρ k . Also, the adjustment will improve z by δ ρ j if ρ j is the largest element in ρ , which justifies that
The uniqueness of z * is due to the linearity of the objective function.
Lemma 1 implies the following at the global optimum, i.e.,
where some calculus shows that t k · (eR k /t k −1) is a decreasing function of t k . Also, t * k is uniquely determined by z * and other parameters in (27). This implies that
Then, z * and {t * k |k ∈ K} can be found by a nested bisection procedure, where the outerbisection searches for z and the inner-bisection searches for {t k |k ∈ K} that satisfies (27) for a given z.
B. Power Allocation When t k
Because the objective is to minimize the maximum of ρ k among all k, the optimal solution of ρ k satisfies 1 − e −φ k (K −1 ,ρ k ) = k . Therefore, the optimal solution of (26)
V. SIMULATION STUDIES
For all simulations, we set k = 0.1 ∀k ∈ K . The distance between the BS and the k-th user is given as ζ k 10 k−1 ∀k ∈ K . The path loss exponent is set to three such that l k = ζ −3 k ∀k ∈ K . Fig. 1 shows the accuracy of the approximation in (17), where K = 5,R k = 1 nat/sec/Hz ∀k, and ρ 1 = ρ 2 = · · · = ρ K . We obtain the empirical results by counting the outage events as defined in (4) in 10 6 random channel realizations. The maximum difference between the empirical results and the analytical results is 1.5 ×10 −3 , verifying the accuracy of (17). Fig. 2 compares the performance of OMA and NOMA. In the legends, "OMA eq." represents the OMA system where t k = K −1 ∀k ∈ K , and "OMA opt." accounts for the OMA system where both t k and ρ k are optimized for all k ∈ K . The results in Fig. 2 provide a more holistic view on the benefit of NOMA against OMA as compared to other studies [7] , [8] which do not consider a fully optimized OMA system. More specifically, Fig. 2(a) studies the scenario where K = 3,R 1 =R 2 = 1 nat/sec/Hz, andR 3 increases from one to eight nats/sec/Hz. Observe that NOMA reduces the maximum transmission power among the users by about 3 dB compared to OMA opt. whenR 3 = 8 nat/sec/Hz, and NOMA can reduce the same quantity tremendously when compared to OMA eq.. For the fairness among ρ k ∀k ∈ K , we evaluate the Jain's index
, where a Jain's index of 1 means absolute fairness, i.e., ρ 1 = ρ 2 = · · · = ρ K . We find out that the Jain's indices for NOMA, OMA opt., and OMA eq. are respectively 1, 1, and around 0.33, which suggests that the NOMA system can provide the same level of fairness as compared to the fully optimized OMA counterpart. Using MOSEK as the GP solver, the SCA efficiently solves (18) in 5.4 seconds on average for each point in Fig. 2 (a) on a desktop without parallel computing. Fig. 2(b) compares NOMA against the OMA schemes when K varies, whereR K = 5 nats/sec/Hz andR k = 1 nats/sec/Hz for k < K . Observe that NOMA outperforms OMA opt. by about 3 dB when K = 4, and the gap between NOMA and the OMA opt. increases as K increases. Also, NOMA outperforms OMA eq. tremendously.
VI. CONCLUSION
An accurate and tractable approximation on the outage probabilities in a single-cell uplink NOMA system with an arbitrary number of users was obtained. Subsequently, the outage-constrained min-max power allocation problems for both NOMA and OMA systems were solved, where the power allocation and the radio resource partition in the OMA system were jointly optimized for a rigorous comparison against the NOMA system. The OMA problem could be solved optimally using the bisection method. An iterative algorithm for the NOMA power allocation problem was proposed that converges to a KKT point. Simulations demonstrated that NOMA could achieve the same level of fairness as OMA in terms of uplink transmission power. Also, results showed significant power saving gained by applying NOMA and the efficiency of the iterative algorithm. 
